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1. INTRODUCTION

This paper describes nonlinear retinal mappings that simplify motion measure-
ments of points in 3-D space. Assuming translational motion of a camera whose opti-
cal axis coincides with the direction of motion and a stationary scene, points in 3-D
space that lie on a particular surface produce a constant value of some nonlinear func-
tion of the image optical flow. Four sets of surfaces are introduced, each of which
corresponds to one optical-flow-based constant value (invariant). This means that the
nonlinear function associated with a particular surface will result in the same value of
optical flow function for all points on that surface, independent of where the points are
in the image.

The nonlinear functions of optical flow can be implemented using multi-resolution
(usually logarithmic) foveal-peripheral retinaec and hence no computations are required.
We list the four different surfaces that correspond to the 1-D parameterizations of 3-D
space: ’

(1) Constant Range Surface: This surface corresponds to points in 3-D that lie at a
constant range from the camera pinhole point, i.e., points lying on a sphere cen-
tered at the camera pinhole.

(2) Constant Depth Surface: This surface corresponds to points in 3-D which lie in
the plane perpendicular to the optical axis of the camera, and are also referred to
as constant time to contact points [LEE, RAVIV1].

(3) Constant Looming Surface: Looming of a point is defined [RAVIV2] as —r/r
where r is the distance of the point from the observer and dot corresponds to the
derivative with respect to time. It is a measure of an obstacle’s collision threat.
Points of constant looming lie on a sphere passing through the center of the cam-
era pinhole point. The diameter of the sphere coincides with the translational
motion vector of the camera.

(4) Constant Clearance Surface: This surface corresponds to points in 3-D which lie
on a cylinder whose axis coincides with the translational vector i.c., points in 3-D
which have a constant radial distance (or "clearance") from the camera [RAVIV1,
ALBUS]. ‘

The analysis takes place in a spherical (R-6-®) coordinate system. In this
representation, since we deal with translation only along the optical axis, the projection
of any 3-D point in this coordinate system moves along a constant ¢ radial line and can
be processed independently of any other point.

Similar ideas have been documented in a number of places, e.g., [WEIMAN,
FISHER, MESSNER, SANDINI], for the ‘‘log-polar’’ transform. The log-polar
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are derived. Based on geometrical properties, the time-dependent invariants are shown
as a function of optical flow. The geometrical interpretations of all invariants as 1-
dimensional parameterizations are shown at the bottom of Figure 5.

1.

The constant range invariant TL=% All points in 3-D space that lic on a
R
sphere whose center is the pinhole point of the camera share this invariant, i.e.,

" have the same tg. The meaning of this invariant is that the modified optical flow

% is the same for all points on a sphere (except those which are on the axis
motion of the camera). Points inside the sphere ("close" points) produce higher

values of & and points outside the sphere ("far" points) produce smaller values

of ;;?1-5- Hence, it is possible to find to within a scale factor the range of a point

by simply calculating this value.

The constant looming invariant —L=—.
Ts tan®

sphere which lies in front of the camera share this invariant, i.e., have the same

Ts. The sphere diameter coincides with the optical axis of the camera, and the

All points in 3-D space that liec on a

camera lies on the sphere’s surface. In this case the diameter of the sphere cc:se

is constant, and so, using Equation (1), —ta?l_e remains constant. It has been shown

by [RAVIV2] that all points on a particular sphere result in the same visual
“‘looming’’.

S B
The constant clearance invariant —= .6 .
Tc  sin%0
a cylindrical surface whose axis coincides with the camera translational motion
vector share this invariant, i.e., have the same 1.

All points in 3-D space that lie on

The constant depth (time to contact) invariant —1—=—:-26—. All points in 3-D
Tp s§in20

space that lie on a plane which is perpendicular to the direction of motion of the

camera, share this invariant, i.e., have the same tp. 1Tp is the “‘time to contact’

as described by [LEE]. It tells the animal how to control its motion in order to

avoid collision.
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4. VARIABLE RESOLUTION RETINAE

In this section we show how these invariants may be exploited by an appropriate
“‘retina’’ to normalize optical flow. For purposes here, it is immaterial whether this
retina is implemented optically, as spatially variant receptor arrays, or by explicit non-
linear subpixel sampling.

[ORSER] gives additional motivation as well as describing a binocular wire frame
scene simulator which gives simulated results for all four retinae.

For each invariant we show the corresponding structure of the retina. Range,
depth, looming and clearance normalizations correspond to the previously described
range, depth, looming and clearance invariants, respectively.

4.1. RANGE NORMALIZATION
Equation (1) describes the basic relationship between range, velocity and optical
flow for a forward translating camera. First we rewrite it as:

a9 __ v, @
sin 0 r

Another way of rewriting Equation (1) is
d

o, .
~InGan=) = = 3

When integrating both sides of Equation (2) (for fixed r and v) we obtain:

0 v(it —t
lntan—e-—lntan—o-=——(—-2)— (C))
2 2 r

The meaning of Equations (3) and (4) is that a In (tan%) retina will produce the

same optical flow for all points that lie at the same distance from the observer, i.e.,

si% will be measured linearly. For the In (tan—ez—) retina, the optical flow magnitude is
in a simple inverse relationship to range.
We call this remapping range normalization, since the magnitude of optical flow

values will be equal if and only if they are generated by points having the same range.

Figure 6a shows 3-D points which are at the same range from the moving
observer. The optical flow 0 generated in the image plane by these points (for a for-
ward translating camera) is shown in Figure 6b. Note that the optical flow values vary
from one point to another as a function of radial angle 6. However, the range-

normalized optical flow for these points _sTer;G_ is identical for all the points (Figure 6c¢)
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and is generated directly by a ln(tan—ez-) retina.

If ¢ and O are plotted against each other, the resulting representation of the sphere
is called the isometric plane. Figure 6d depicts the optical flow in this manner while
figure 6e is the range-normalized optical flow using an analogous logarithmic isometric
plane representation.

The nonlinear radial displacement as a function of retinal eccentricity and resolu-
tion elements per unit of eccentricity for the range normalizing retina are shown as the
solid and dashed lines of Figure 6f, respectively.

4.2. DEPTH NORMALIZATION

Instead of keeping range r constant, as in the preceeding section, it may be desir-
able to keep depth (i.e., the projection of range onto the optical axis) constant. Points
at a common depth X from the camera-retina are parameterized by 0 and in terms of
range r are given by :

X =rcos0 0 <0 <90°. (S)
Hence by dividing Equation (1) by cos 0, we get:
v _ 1 0 ©)

rcos® cos© sin9
or:

Y _gr=—2 46 0

r cos 0 sin 20

Another way of writing Equation (6) is:
d v

Eln(tane) - r cos 0

After integrating both sides of Equation (7) we obtain:

v
r cos =t ©)

@®

lntanﬂ—lntan90=

The meaning of Equations (8) and (9) is that a In(tan©) retina will produce the

same optical flow for all points that lie at the same depth rc:;se from the observer,
] : 20 . . ,
ie., <in® coso (which equals <in26 ) will be measured linearly.

For the In(tanO) retina, the optical flow is in a simple inverse relationship to
depth.
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We call this remapping depth normalization, since the magnitude of optical flow
values will be equal if and only if they are generated by points having the same depth.

Figure 7a shows 3-D points which lie in the same depth from the moving
observer. The optical flow 0 generated by these points is shown in Figure 7b. The nor-
sii29 is identical for all
the points (Figure 7c). This value is measured directly by a In (tan 0) retina.

The isometric plane and logarithmic isometric plane representations are shown in
Figures 7d and 7e, respectively.

The nonlinear radial displacement as a function of retinal eccentricity and resolu-
tion elements per unit of eccentricity for the depth normalizing retina are shown as the
solid and dashed lines of Figure 7f, respectively.

malized optical flow for points in 3-D with the same range

This depth normalization is the spherical projection analog of the log-polar
transform [WEIMAN, FISHER].

4.3. LOOMING NORMALIZATION

Spheres of constant looming have been discussed in [RAVIV2] and refer to points
at range r lying on a sphere whose diameter is given by r/ cos 8. Looming normaliza-
tion refers to the mapping of the spherical projection in such a way that optical flow
values of two points are equal if and only if they lie on the same sphere of constant
looming.

These points of the sphere can be parameterized by the reciprocal of the radius of
the sphere in terms of 6 and range r as:

1 _ cos 6
radius of sphere r

Hence by multiplying Equation (1) by cos 0, we get:

, 0 < 0 <90°. (10)

v cos O = cos 6 .0 a1)
sin 0

or
v cosed do

r = tan 0 (12)
Equation (11) can also be rewritten as:
2 1n(sing) = L-202 (13)

After integrating both sides of Equation (12) we obtain:



-7-

lnsine—lnsin60=vc:se(t—to) (14)

The meaning of Equations (13) and (14) is that a In(sin6) retina will produce the
will be

same optical flow for all points that lie on the same looming sphere, i.e.,
measured linearly.

For the In(sin0) retina, the optical flow produced by it has a simple direct rela-
tionship to the looming sphere on which it lies.

0
tan0

We call this remapping looming normalization, since the magnitude of optical flow
values will be equal if and only if they are generated by points having the same loom-
ing value.

Figure 8a shows 3-D points which lie in the same looming sphere. The optical
flow © generated by these points is shown in Figure 8b. The normalized optical flow

for these points, -t—a%e—, is identical for all the points (Figure 8c). This value is measured

directly by a In(sin 0) retina.
The isometric plane and logarithmic isometric plane are shown in Figures 8d and
8e.

The nonlinear radial displacement as a function of retinal eccentricity and resolu-
tion elements per unit of eccentricity for the looming normalizing retina are shown as
the solid and dashed lines of Figure 8f, respectively.

4.4. CLEARANCE NORMALIZATION

In the situation in which the camera-retina is translating along a straight line, the
prediction of obstacles adjacent to this line which it will not ‘‘clear’’ is desirable. The
locus of these points for a constant radius of lateral clearance is a cylinder whose axis
is collinear with the axis of translation. [ALBUS, RAVIV1]

A point at range r will lie on the cylinder whose radius is given by r sin 0.

Hence " s:n 0 is constant for all points on the cylinder, and so by dividing Equation
(1) by sin® we have: .
\Z 1 6
= 15
rsin® sin O sin 0 (13)
or
LA ST (16)

r sin 0 sinZ0



Another way of writing Equation (15) is:

-—icote = —

dt r sin O {4
By integrating both sides of Equation (16) we obtain:
v
T Sin 6 (t —tg) = —(cot © — cot ) (18)

The meaning of Equations (17) and (18) is that a cot® retina will produce the
same optical flow for all points that lic at the same radial distance from the moving
observer, i.e., 9 will be measured linearly.

sin9

Note that this retina is the only one which is not logarithmic. However, it can be

written as a logarithmic one by using the identity:

cot  =1n e © (19)

The optical flow produced by the cot 0 retina is directly proportional to the inverse
of the radius of the cylinder, i.c., the clearance the object has with respect to the trajec-
tory of the camera.

We call this remapping clearance normalization, since the magnitude of optical
flow values will be equal if and only if they are generated by points having the same
clearance (radial distance).

Figure 9a shows 3-D points which lie in the same cylinder surrounding the
observer (each point on the cylinder has the same distance from the translation axis).
The optical flow 0 generated by these points is shown in Figure 9b. Note that the opti-

cal flow values vary from one point to another. However, the clearance normalized opt-
0
sin%0
measured directly by a cot 0 retina.
The isometric plane and logarithmic isometric plane representations for the unnor-
malized and clearance normalized optical flow is shown in figures 9d and 9e respec-
tively.

ical flow for these points is identical for all the points (Figure 9c). This value is

The nonlinear radial displacement as a function of retinal eccentricity and resolu-
tion elements per unit of eccentricity for the clearance normalizing retina are shown as
the solid and dashed lines of Figure 9f, respectively.



5. CONCLUSIONS

In this paper we have shown several retinal mappings. They are extensions of the
well known log-polar retina as described by [WEIMAN, SANDINI] and others. Each
retina described in this paper allows simple and direct measurements of a function of
optical flow. A value of this function corresponds to a 3-D surface.
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Figure 1la: OPTICAL FLOW RELATIVE TO THE FOCUS OF
EXPANSION (FOE)
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Figure 1b: OPTICAL FLOW RELATIVE TO THE FOCUS OF
CONTRACTION (FOC)
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OPTICAL AXIS AND
DIRECTION OF MOTION

Figure 6a: EQUAL RANGE POINTS
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CLEARANCE-NORMALIZED OPTICAL FLOW



SHHYDHA NI © ALIDILLNADOH

Q.JO .-..|u|ouwuu. ..... O.nwc c..nav O.Awn c.o.« 00
ALISNAJ TIXId _

>
Z,
o
o
_ o
i
-w Z
%
v
i

LNAWIOV14SIA TVIAVY A9ZI'TVINION E

(HONVIVATD) VNILLAE © LOD  :)6 a.undiyg

INFNFOV1dSIA TVIAVI ddZITVINION






NIST-114A
(REV. 3-90)

BIBLIOGRAPHIC DATA SHEET

On Logarithmic Retinae

[s" ADTHOR(S)
Daniel Raviv, Don Jx O:set;'and James S._Albus

This paper suggests several iconic image ‘‘warpings’’, or remappings,
which facilitate computationally inexpensive measurements of moving 3-D
points relative to a camera. Assuming translational motion of the camera,
where the optical axis coincides with the direction of motion, and a station-
ary scene, points in 3-D space that lic on a particular 3-D surface produce
a constant value for some nonlinear function of the optical flow. This func-
uon need not be computed after the image is formed, but rather can be

implemented by hardware at the retinal level, i.e., via non-linear variable-
resolution (usually logarithmic) retina. Four sets of different surfaces are
introduced and there is one optical-flow-based constant value for each sur-
face. We call these values “invariants”. An invariant, which is a scalar,
describes a 3-D surface. For each invariant a logarithmic retina is defined
which will cause otical flow on these surfaces to have identical values.

The process of image remapping, called ‘‘normalization’’, is defined
for four 1-D parameterizations of space: range, depth, looming and clear-
ance. For each invariant a camera-retina imaging model utilizing spherical
projection and foveal peripheral resolution is described for analyzing opti-
cal flow. Computer simulation demonstrates how the new suggested
n:tmac normalize the optical flow with respect to each one of the parame-
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